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1. INTRODUCTION 

Let (𝑋,𝜔) be a Hermitian manifold with 𝑑𝑖𝑚ℂ 𝑋 = 𝑛 ≥ 1, nonempty boundary 𝜕𝑋 and 

a fixed background Hermitian metric 𝜔 on 𝑋. In this paper, we always assume that the 

Hermitian metric 𝜔 satisfies the following conditions: 

                              −𝐵𝜔2 ≤ 2𝑛𝑑𝑑𝑐𝜔 ≤ 𝐵𝜔2; −𝐵𝜔3 ≤ 4𝑛2𝑑𝜔 ∧ 𝑑𝑐𝜔 ≤ 𝐵𝜔3               (1) 

in 𝑋, where, 𝐵 > 0 only depends on 𝜔, 𝑛;  we use differential operators 𝑑 = 𝜕 + 𝜕, 𝑑𝑐 =
𝑖

2𝜋
(𝜕 − 𝜕); then 𝑑𝑑𝑐 =

𝑖

𝜋
𝜕𝜕 𝑑𝑑𝑐 =

𝑖

𝜋
∂ ∂‾ . 

     By 𝑃𝑆𝐻(𝜔, 𝑋) we denote set of 𝜔 -plurisubharmonic functions on 𝑋. Let 𝜇 be a 

nonnegative Radon measure on 𝑋. Assume that 𝐹:ℝ × 𝑋 → [0, +∞) is a 𝑑𝑡 × 𝑑𝜇 -

measurable function. We consider the following Monge-Ampère type equation 

                                                  {
𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋);

(𝜔 + 𝑑𝑑𝑐𝑢)𝑛 = 𝐹(𝑢,⋅)𝑑𝜇;
                                               (2)          

where 𝑢 is an unknown function and (𝜔 + 𝑑𝑑𝑐𝑢)𝑛 stands for the complex Monge-Ampère 

operator of 𝑢. 

When 𝑋 is a bounded domain in ℂ
𝑛

 and 𝜔 is the zero form, the equation (2) is the Monge-

Ampère type equations for plurisubharmonic functions in 𝑋. In this case, solutions of (2) are 

not only considered in the class of bounded functions but also extended to unbounded 

functions. There are many results on solving this equation due to [1], [2], [3], [12], etc. 

On a Hermitian manifold (𝑋,𝜔) with nonempty boundary, if 𝐹(𝑡, 𝑧) ∈ 𝐶∞(ℝ × 𝑋) and 

𝜇 = 𝜔𝑛 such that 𝐹(𝑣, 𝑧) ≤ (𝜔 + 𝑑𝑑𝑐𝑣)𝑛 with some smooth 𝜔 -plurisubharmonic function 

𝑣 in 𝑋, the authors in [6] proved that the equation (2) exists a smooth solution. When 

𝐹(𝑡, 𝑧) = 𝑓(𝑧) ∈ 𝐿𝑝(𝑋), 𝑝 > 1 and 𝜇 is a smooth measure, the authors in [10] showed that 

there exists a continuous solution of the equation (2). Recently, the authors in [7] and [8] 

obtained some results on the existence of bounded solution of the equation (2). Namely, when 

𝐹(𝑡, 𝑧) = 1and 𝜇 ≤ (𝜔 + 𝑑𝑑𝑐𝑣)𝑛, with some 𝑣 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋) such that the 
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restriction of 𝑣 in 𝜕𝑋 is a continuous function, the authors in [7] proved that the euquation 

(2) has a bounded solution 𝑢 such that 𝑢 = 𝑣 in 𝜕𝑋. In the case that 𝐹(𝑡, 𝑧) is bounded, the 

authors in [8] also showed the existence of bounded solution of (2) when 𝐹(𝑡, 𝑧) satisfies that 

there exists a function 𝑣 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋) such that 𝐹(𝑣,⋅)𝑑𝜇 ≤ (𝜔 + 𝑑𝑑𝑐𝑣)𝑛. Also in 

[8], the authors gave the proof of the existence of bounded solution to the equation (2) when 

𝐹(𝑡, 𝑧) = 𝑒𝜆𝑡 and 𝜇 ≤ (𝜔 + 𝑑𝑑𝑐𝑣)𝑛 with some 𝑣 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋). Continuing the 

above direction of research, in this paper, we wish to investigate the existence of bounded 

solutions to (2) in case of the arbitrary function 𝐹(𝑡, 𝑧). 
Now we give the main result of our paper which is inspired from the results in [3] and 

[8]. 

Theorem  Let (𝑋 = 𝑋 ∪ 𝜕𝑋,𝜔) be an 𝑛 -dimensional Hermitian manifold such that the 

boundary 𝜕𝑋 is nonempty and there exists a function 𝑓 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐶(𝑋) satisfying that 

(𝜔 + 𝑑𝑑𝑐𝑓)𝑛 = 0. Let 𝜇 be a finite non-negative Radon measure in 𝑋 satisfying that at each 

point 𝑧 ∈ 𝑋, there exist a neighborhood 𝑈𝑧 of 𝑧 and a function 𝑣𝑧 ∈ 𝑃𝑆𝐻(𝑈𝑧) ∩ 𝐿
∞(𝑈𝑧) such 

that 𝜇 ≤ (𝑑𝑑𝑐𝑣𝑧)
𝑛. Assume that 𝐹:ℝ × 𝑋 → [0,+∞) is a 𝑑𝑡 × 𝑑𝜇 -measurable function 

such that: 

(1) For all 𝑧 ∈ 𝑋, the function 𝑡 ↦ 𝐹(𝑡, 𝑧) is continuous and non-decreasing. 

(2) At each 𝑧 ∈ 𝑋, there exist a neighborhood 𝑊𝑧 of 𝑧 and a function 𝑤𝑧 ∈ 𝑃𝑆𝐻(𝑊𝑧) ∩
𝐿∞(𝑊𝑧) such that 𝐹(𝑡,⋅)𝑑𝜇 ≤ (𝑑𝑑𝑐𝑤𝑧)

𝑛, ∀𝑡 ∈ ℝ, in 𝑊𝑧. 
(3) There exists 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋) such that 𝐹(𝑢,⋅)𝑑𝜇 ≤ (𝜔 + 𝑑𝑑𝑐𝑢)𝑛 and 𝑢 ≤ 𝑓. 

Then there exists a function 𝑤 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋) such that 𝐹(𝑤,⋅)𝑑𝜇 = (𝜔 +
𝑑𝑑𝑐𝑤)𝑛 and 𝑤 ≤ 𝑓. 

The paper is organized as follows. In Section 2, we recall some notions of 𝜔 -

plurisubharmonic functions which are necessary for the next results of the paper; after we 

give the proof of Theorem 1.1. Section 3 gives conclusion of paper. 

2. CONTENT 

2.1. Preliminaries 

In this section, we recall some elements of theory of  𝜔 -plurisubharmonic functions that 

will be used throughout the paper. These results can be found in [4], [5], [9], [10]. In this 

paper, by 𝑃𝑆𝐻(𝛺) we denote set of plurisubharmonic functions in open set 𝛺 ⊂ ℂ𝑛. By 𝐶(𝑋) 
we denote class of continuous functions in 𝑋. 

 Now, we recall the definition of𝜔 -plurisubharmonic functions in open subsets of ℂ𝑛. 

Let 𝛺 be an open subset in ℂ
𝑛

 and 𝜔 be a Hermitian metric on ℂ𝑛. We have the following 

definition. 

Definition 2.1.  Let a function 𝑢: 𝛺 → [−∞,+∞) be an upper semi-continuous function. 

Then 𝑢 is called 𝜔 -plurisubharmonic (𝜔 -psh for short) if 𝑢 ∈ 𝐿𝑙𝑜𝑐
1 (𝜔𝑛, 𝛺) and 𝜔 + 𝑑𝑑𝑐𝑢 ≥

0 as a current. By 𝑃𝑆𝐻(𝜔, 𝛺) we denote set of 𝜔 -psh functions in 𝛺. 

      Note that for each 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) and each point 𝑧 ∈ 𝛺, there exist a neighborhood 𝑈 ⊂
𝛺 of 𝑧 and a smooth plurisubharmonic function 𝜌 in 𝑈 such that 𝜔 ≤ 𝑑𝑑𝑐𝜌 in 𝑈 and 𝑢 + 𝜌 ∈
𝑃𝑆𝐻(𝑈). 

Next, let (𝑋, 𝜔) be  an  𝑛 -dimensional Hermitian manifold. We have the following 

definition. 

Definition 2.2. An upper semi-continuous function 𝑢: 𝑋 → [−∞,+∞) is called 𝜔 -

plurisubharmonic if 𝑢 ∈ 𝐿𝑙𝑜𝑐
1 (𝜔𝑛, 𝑋) and 𝜔 + 𝑑𝑑𝑐𝑢 ≥ 0 as a current. By 𝑃𝑆𝐻(𝜔, 𝑋) we also 

denote set of 𝜔 -psh functions in 𝑋. 
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Note that 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) if and only if 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) for arbitrary coordinate chart 

𝛺 ⊂ 𝑋. 

       Finally, we give the introduction of the complex Monge - Ampère operator of 𝜔 -

plurisubharmonic functions. Fix an open subset 𝛺 ⊂ ℂ𝑛 and a Hermitian metric 𝜔 on ℂ𝑛. Let 

𝑢1, . . . , 𝑢𝑘 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩ 𝐿
∞(𝛺), for 𝑘 ∈ [1, 𝑛]. By the arguments in [4] and [10], the 

wedge product (𝜔 + 𝑑𝑑𝑐𝑢1) ∧⋅⋅⋅∧ (𝜔 + 𝑑𝑑
𝑐𝑢𝑘) is defined as a nonnegative (𝑘, 𝑘) -current 

in 𝛺. 

When 𝑘 = 𝑛 and 𝑢1 =⋅⋅⋅= 𝑢𝑛 = 𝑢, the wedge product 

                               (𝜔 + 𝑑𝑑𝑐𝑢)𝑛: = (𝜔 + 𝑑𝑑𝑐𝑢) ∧⋅⋅⋅∧ (𝜔 + 𝑑𝑑𝑐𝑢)⏟                  
𝑛 𝑡𝑖𝑚𝑒𝑠

 

 is called complex Monge-Ampère operator of 𝑢. This operator is also defined as a 

nonnegative Radon measure in 𝛺 Ω. Furthermore, if 𝑢𝑗 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩ 𝐿
∞(𝛺) is either 

uniformly convergent or monotonely convergent almost everywhere to 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩
𝐿∞(𝛺), then (𝜔 + 𝑑𝑑𝑐𝑢𝑗)

𝑛 → (𝜔 + 𝑑𝑑𝑐𝑢)𝑛 in the sense of currents. 

       Now, let (𝑋, 𝜔) be an 𝑛 -dimensional Hermitian manifold. Take 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩
𝐿∞(𝛺). Then 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝛺)  for any coordinate chart 𝛺 ⊂⊂ 𝑋. By using partition of unity, 

we define the complex Monge-Ampère operators (𝜔 + 𝑑𝑑𝑐𝑢)𝑛 of 𝑢. Moreover, (𝜔 +
𝑑𝑑𝑐𝑢)𝑛 is a nonnegative Radon measure in 𝑋. It is also clear that (𝜔 + 𝑑𝑑𝑐𝑢𝑗)

𝑛 → (𝜔 +

𝑑𝑑𝑐𝑢)𝑛 in the sense of currents for every sequence {𝑢𝑗} ⊂ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿
∞(𝑋) satisfying 

that 𝑢𝑗  converges either uniformly or monotonely a.e. to 𝑢 ∈ 𝑃𝑆𝐻(𝜔, 𝑋) ∩ 𝐿∞(𝑋). 

2.2. The existence of bounded solutions to the complex Monge-Ampère type equations 

        In this section, we will establish a result on the sovablity of the equation (2). Namely, 

the content of this result is expressed by Theorem 1.1 in Section 1 and we will give its proof 

here.   

Firstly, we give a local result which is inspired form the results in [3] and [8] and used 

for the proof of Theorem 1.1. Fix a strictly pseudoconvex domain 𝛺 in ℂ𝑛. Fix a Hermitian 

metric 𝜔 in neighborhood 𝑈 of 𝛺 such that in 𝑈, the condition (1) is still valid for 𝜔. Let 𝜑 

be a continuous function on 𝜕𝛺.  Theorem 4.2 and Corollary 3.4 in [10] follows that the 

following equation 

                                                    {

ℎ ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩ 𝐿∞(𝛺);

(𝜔 + 𝑑𝑑𝑐ℎ)𝑛 = 0, 𝑖𝑛 𝛺;
ℎ = 𝜑, 𝑜𝑛 𝜕𝛺;

 

always exists a unique solution ℎ. For convenience, by ℎ𝜑 we denote solution of the above 

equation. We have the following lemma. 

Lemma 2.3.  Let a finite nonnegative Radon measure 𝜇 be such that 𝜇 ≤ (𝑑𝑑𝑐𝑣)𝑛 in 𝛺, 

for some 𝑣 ∈ 𝑃𝑆𝐻(𝛺) ∩ 𝐿∞(𝛺). Let 𝜑 be a continuous function on 𝜕𝛺. Let 𝐹:ℝ × 𝛺 →
[0, +∞) be a 𝑑𝑡 × 𝑑𝜇 -measurable function such that: 

(1)  For all 𝑧 ∈ 𝛺, the function 𝑡 ↦ 𝐹(𝑡, 𝑧) is continuous, nondecreasing. 

(2)  For all 𝑡 ∈ ℝ, the function 𝑧 ↦ 𝐹(𝑡, 𝑧) is in 𝐿1(𝑑𝜇, 𝛺). 
(3)  There exists 𝑤 ∈ 𝑃𝑆𝐻(𝜔, 𝛺) ∩ 𝐿∞(𝛺) such that 𝐹(ℎ𝜑 ,⋅)𝑑𝜇 ≤ (𝜔 + 𝑑𝑑

𝑐𝑤)𝑛 and 𝑤 = 𝜑 

on 𝜕𝛺. 


