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NONLINEARITY

Quang Thanh Khuat, Thi Lieu Le, Thi Minh Nguyet Tran
Academy of Finance, Ha Noi, Viet Nam.

Abstract: In this paper, we consider the instability of weak solutions to the problem

—div, (W) |V ulP~2Vu + w(x)|Vul972V,u) = f(x)e* in RY,
where V= (/11 Oxy) A20x,, -+, )lNaxN), Ay, i = 1,..., N satisfy some general hypotheses,
q=p=2and w,Ww,f € L}OC(RN ) are nonnegative functions satisfying some growth
conditions at infinity. Our results can be seen as a generalization of that from the Laplace
operator to the Ay-Laplacian. Moreover, our result is also extension of that from the
Grushin operator to the Ay-Laplacian.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we define V;= (Alaxl,zzaxz,...,/lNaxN), divy =V;-,4,i=12,...,N
satisfy some general hypotheses introduced in [1,2]:

(H1) There is a group of dilations (6;)¢>¢
5e: RN -5 RN, (xq, ..., xy) o (t51xq, ..., t5Nxy),
where 1 = g; < &, <...< gy, such that
2i(6:(x)) = 57 14;(x)
forallx e RNt >0andi=1,2,...,N.

(H2) A; =1,4,(x) = 4;(x4|,..., |x;—1]) for i =2,...,N and these functions are
continuous on RY, strictly positive and of class C* on RN \ II, where

N
= {(xl,...,xN) € RV : nxi = O}.

i=1
Then, the homogeneous dimension of RN associated to the group of dilations (8;)s¢ is

Q =81+€2+"'+€N (1)
and the A;-norm of x € RY is defined by
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j=1 i%j
where g =1+ YN, (g — 1).
The purpose of this paper is to establish nonexistence result of stable weak solutions for
the problem
— div, (W) |V ulP2Vu + w(x)|Vaul972V,u) = f(x)e¥ in RY ()

Here,q > p =2 and w, W, f € L},.(R") are nonnegative functions satisfying

w(x) < C|x|§,
w(x) < ClxIf, (3)
f(x) = Cslxlﬁ

for all |x|; > Ry, where Ry, C;,C,,C5 > 0and a,d, b € R.

Considering the special case A; = 1. If W = 0,p = 2, then (2) becomes the Laplace-type

equation. In [3,4], the authors established nonexistence results of stable solutions for the
problem

—Au =e* in RV,
In [5], Wang and Ye proved that the equation
—Au = |x|Pe* in RV,
where b > —2, does not have stable solutions if N < 10 + 4b. If W = 0,p = 2, then (2)
becomes the p-Laplace-type equation. The results about the instability of solutions for the
equation
—Apu = f(x)e* in RY
can be found in [6]. For the more general p-Laplace-type equations, we refer to [7-9]. If

w>0,qg >p =2, then (2) becomes the double phase problem. In particular, under the
condition

< min{p,q — a}(q +3) + 4b
q—1
Phuong Le [10] proved that the equation
—div(|Vu|?7?2vu + w(x)|Vu|97?Vu) = f(x)e¥*in RV

has no stable weak solutions.

)

Now, we consider the general case of A;. In the last decades, there have been many
studies on PDEs involving the strongly degenerate elliptic operators A; = div, o V,, see e.g.
[11-18]. They were first introduced by Franchi and Lanconelli in [1] and named A;-
Laplacians by Kogoj and Lanconelli in [2]. However, to the best of our knowledge, there has
no work dealing with Equation (2) in the general case of 4;. Hence, the purpose of this paper
is to establish some results about the instability of weak solutions for Equation (2), where 4;,
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i=1,2,...,N satisfy the hypotheses (HI, H2), ¢ =p =2 and w,W, f € L}, .(RY) are
nonnegative functions satisfying (3).

To state our result, we introduce a functional class of solutions for Equation (2). Let ()
be an open domain in R and put

H:Q X [0,00) — [0,)
(x,t) —  w(x)tP + w(x)ta.
Define
H(x, [ul) =f(W(x)|u|p+W(x)|u|q)

Q

pu(u) = f

Q
and

LH(Q) = {u: Q> R | u is measurable and py(u) < oo}.

We define the norm in the space L (Q) as follows

u
lully = inf{z > 01 py (;) <1},
The corresponding Sobolev space
W (Q) = {ue L7(Q) | [Vaul € LF(Q)}
is equipped the norm
llwlly,e = HVaullly + [lullg.
We set
Wit (@) = {wQ->Rlupe W, (Q) forall ¢ € ci()},
where W,"" (Q) is the closure of C2() in W (Q) with respect to the ||. [|; 4 norm.

In this paper, the solutions of Equation (2) are understood in the sense of weak
solutions as follows.

Definition 1.1. 4 function u € Wl(l);H(]RN ) is called a weak solution of Equation (2) if
f(x)et € L, .(RY) and

f WO IVaulP2V,u + W()|VyulI2V,) - Vo = j f()ety 4
RN RN

for all ¢ € CL(RN).
We now define the stable weak solutions of Equation (2).
Definition 1.2. 4 weak solution u of Equation (2) is called stable if

f WOVl 2301 + (p = DIVsulP W V1)
R

+f FEOVaul12| V0|2 ©)
RN

+ (g — 2)|Vu|T*(Vyu - V30)?]



