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Tom tit: Véi mot ideal don thire reg(IS) la mot ham tuyén tinh khi s di 6n la tinh chat
quen thuéc ciia ham chi s6 chmh quy. Van d@é xdc dinh chi sé dirng sy dé reg(I5) la ham
tuyén tinh va xdc dinh cac h¢ s6 a,b trong bzeu dién reg(ls) =as+b voi moi s = s
dugc rat nhiéu nha khoa hoc quan tam. Co thé tiép cdn cdc van dé nay tir khdi niém ddi tw
do t6i tiéu hay diea vao tinh chdt cia cdc phan tir sinh ciia ideal I hay dwa vdo bdi todn quy
hoach tuyén tinh. Trong bai bdo ndy tac gia sé chi ra rang ham chi sé chinh quy cia bao
ddéng nguyén cia luy thira ideal canh reg(IS) la ham tuyén tinh c6 hé sé géc 2 véi n dii Iém
va chi s6 dirng reg — stab(l) véi do thi Petersen thong qua da dién Newton va bai todn
quy hoach tuyén tinh.
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1. PAT VAN DE

Chi s6 chinh quy Castelnuovo-Mumford (goi tat 14 chi s6 chinh quy) duoc bit ngudn tir
cong trinh vé dudng cong xa anh cila Castelnuovo va dugc Mumford [2] phat biéu dinh nghia
cho cac da tap xa anh. Khai niém nay thiét 1ap mdi lién hé giira 1y thuyét d6i dong diéu dia
phuong va cac moédun xoin phan bac hitu han sinh trén vanh da thic trén mot truong. Voi
R = k[xy, ..., x,] 12 mot vanh da thic va m = (x4, ..., x,-) 1a ideal thuan nhét cuc dai trong
R. Cho M 1a R —mddun hitu han sinh, véi mdi i = 0, ..., dimM, bat bién a; ciia M dugc dinh
nghia nhu sau:

a;(M) = max{t|HS, (M), # 0}, (1)
& d6 Hi, (M) 1a md dun dbi dong dicu dia phuong ciia M véi gia m, véi quy wodc rang
a;(M) = —oo néu H.,(M) = 0. Khi d6 chi sb chinh quy cia M dugc dinh nghia boi
reg(M) = max{a (M) +i]0 <i <dim M} )

V6i I 1a mot ideal thuan nhat thuc sy ctia R ta c6 nhan xét rang reg (I) = reg (R /1) +
1, diéu nay gitp ta nghién ctru véi reg(R/I) thay vi nghién ctru véi reg(l).

Bao dong nguyén cua ideal I 13 tap I gdm cac phan tir x € R thoa méin mot quan hé
nguyén dang:

x"+a. x" P +a x" %+ t+a,.x+a,=0,a€l,i=12,..,n 3)

Néam 1999, Cutkosky, Herzog va N.V. Trung [1] va doc 1ap véi ho c6 Kodiyalam cung
chimg minh dugc rang reg(I5) 1a mot ham tuyén tinh khi s du 16n. Gia st reg(I¥) = a.s +
b véi s du 16n. Khi d6 ta c6 khai niém chi s dimg cta ham chi s6 chinh quy:

reg — stab(I) = min{s, > 1 |reg(Is) = as + b,s = s,}. 4)

Chi sb chinh quy reg(I®) va chi so dung reg — stab(I) la d6i tuong nghién ctru cua
nhiéu nha khoa hoc. Pay 14 cac van d& kho, chua co cach tiép cAn mang tinh téng quat va
hiéu qua. Hién nay, cac nha khoa hoc dang tap trung nghién ctru hai khai niém nay ddi véi
cac ideal dac bi¢t [3], [5], [6]. Trong bai bao nay tac gia s€ trinh bay cac két qua lién quan
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dén chi sé chinh quy reg(I5) va chi sé dimg reg — stab(I) dbi véi I 1a ideal canh cua dd
thi Petersen.
2. NOI DUNG

Trong phan nay, ta xét R = k[x;, Xz, ..., x]. Trubce tién, tac gia nhic lai vé& phtc don
hinh va mét sb kién thuc dai s6 t6 hop.

2.1. Phirc don hinh, da di¢n Newton va cong thirc Takayama

Phttc don hinh A trén tap V = {1,2, ...,7} 12 tap hop cdc tap con cta V, goi la cac mat,
thoa min rang néu F € A,G c F thi G € A Mot médt cia A khong chira trong mot mat khac
ctua A dugc goi la mat cuc dai. V6i T < V, ki hiéu x; = [[;er x;. Ideal Stanley-Reisner lién
két v6i phirc don hinh A 13 ideal don thtrc khong chtra binh phuong I, = (x7|T € A). Néu I
la mot ideal khong chira binh phuong thi n6 1a mot ideal Stanley-Reisner cta phtrc don hinh
A(I) = {T c V|x; & I}.Néu I la ideal don thirc bat ki ta ciing dung ki hiéu A(I) 14 phtrc don
hinh ng véi ideal don thitc khong chira binh phuong

Vi = {fERIf”EIVO’lnEN*naodo}

Pé mo ta mot ideal don thirc ngudi ta dung da dién Newton, diéu nay gitip viéc nghlen
cu‘u cac ideal don thirc phan nao bét triru twong. Cho vecto cot a € N” ta viét x©

ar
XXy
Dinh nghia 1. Cho I 1a mét ideal don thirc cia R. Chung ta dinh nghia

(i) VGi mot tdp con A € R, tdp cAc mii cua A 1a E(A) = {a|x* € A} c N".

(ii) Pa dién Newton ciia I 1a NP(I) = conv{E(I)}1a bao 16i cia tdp cac mii cua I trong

khong gian R”.

Bao dong nguyén cta mot ideal don thirc I ciing 1a mot ideal don thirc, ta ciing c6 thé

miéu ta I nhu sau:

E(I) =NP(I)NN" = {a € N"|x"* € I",n > 1 nao déb}.

NP(I") = nNP(I) = nconv{E(I)} + R%,véi moin > 1.
B6 dé 2. ([3, B6 dé 3.3]) Pa dién Newton NP (I) la tip nghiém cuia hé bat phuong trinh c6
dang

{x eR"|ayx = b;,i =1,2,...,5},

& day a; = (a1, ..., @) 14 cac vecto dong, sao cho mdi siéu phang véi phuong trinh a;x =
b; xac dinh mot mit cuc dai caa NP (1), chira t; diém doc 1ap affine cia E (G(I )), G(I)lah¢
cac don thuc sinh ra ideal I, va song song véi r — t; cac vecto co sé chinh tac. Hon nira
chung ta c6 thé chon 0 # a; € N", cac sd nguyén dwong b;,i = 1,2, ..., s sao cho a;j, by <
d (D)% v&i moi i, j, trong d6 t; 1a s6 thanh phan toa d6 khac khong cua a;.

Vi I 1a mot ideal don thuc khac khong, vi R/1 Nlél mot dai s N” phén bac nén H. i (R /D
la mot R/I m6 dun Z" phan béc v6i moi i. V&i moi bac a = (ay, ay, ..., ay) € Z', d¢ tinh
dim, Hi,(R/I), ta ding cong thirc duoc dua ra bi Takayama cai duge tong quat tir cong
thirc ctia Hochster trong truong hop I 1a ideal khong chira binh phuong.

Dit G, = supp™(a) = {ile; < 0}. V&imot tap con F < V, ddt Ry = R[x;!|i € F]. Khi
d6 phuc bac A, (1) duge xac dinh boi:

Ag(D) = {F € V\Gg|x* & IRpyg, }- (5)
B6 dé 3. ([4, Pinh 1y 2.2] -cong thirc ciia Takayamal). Ta co
dimy HE (R/1), = {dimk Hi_ig,1-1 (Ae(D); k) néu supp™(a) C A(I). (6)
0 nguoc lai
Goi I' € A(I™) 1a mét phirc don hinh con véi tap dinh V(T') < [r]. Ching ta dit
ap () = {sup{|a|| a €Z" val,(I") =T néuHypymy-r-1(TK) #0
n —00 trong trueong hop khéac. (7)
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Hé qua 4. ([3, Hé qua 3.5.]) Ta ¢6 a;(R/I™) = max{ar;(I")|I' c A(I")} va néu
Hiyyy)=r—1(T; k) # 0 thi a;(R/I™) € Z.
Ta goi supp(al) = {Jla;; # 0} 1a gia cua a;.
Bo dé 5. ([3, B6 dé 3.7.]) Giir nguyén céac ki hiéu ciia B6 & 2. Cho a € Z",n > 1. Gia sir
rang supp~(a) € A(I). Khi d6 ta c6
A (I™) = ([rI\(supp(a) U supp™(a)|i < 25; supp™(a) (®)

c [r\supp(a;) va Z a;ja; < nb;).

, , _ jésupp™(a)
2.2. Pa dién nguyén va bat bién a;(R/I™)
Tir cong thuc (1) va (2) ta c6 thé gia s HL(R/M), #0 v6i i >0,n>1,a =
(ay, ay,..,a,) EL".
Theo B6 d¢ 3, ta c6 dimy HL, (R/1M), = dimy H;_ ¢ |1 (0,(I™); k) # 0. Theo Hé qua
4tasuyra a;(R/I™) € Z. B
Cho ' Ia mot phirc don hinh con cua A(J) sao choT'=A,(I") v6i a € Z" nao d6, n =
1. Khong mét tinh tong quatta gia st V(I) = r',r’ < rsao cho supp (@)={r"+1,..,1},
hon nita ta c6 thé gia sir supp (a) c[r ]\supp(a ), i=12,..s"vasupp™(a) khong nam
trong [r]\supp(a;) véii > s’,s" < s.Khi do theo (8) ta co the gia su rang
I'= ([r]\supp(a;) Usupp~(a)|i =1, ...,s")vois" <s'. 9)
Véi vecto dong a = (aq,ay, ...,a,) € R" ki hiéu a =(ay,..,a,1) € R”". Tuong tu
vecto dong. Ta xét cac da dién:
a.x' <nb;—1i=1,..,5s"
Qrn=3x" €R"|a;.x' 2n.b—1,1=s5"+1,..,
Xj = 0,] = 1,...,7"
a.x' <nb,i=1,..,5s
Prp,=<x"€R"|a.x" =2n.b,l=s"+1,..,5"}. (11)
Xj = O,] = 1, ...,T,
B6 dé 6. ([3, Pinh 1y 3.8.]) Khi H;,,/—p—1(T;k) # 0 thi
ar,; (") = sup{x; + -+ x,/|x" € Qry NN" } + 71" — 7. (12)
Ta c6 nhan xét réng, néu goi
Y, = max{x; + -+ x| x" € Pr,},
¥, = max{x; + -+ x| x" € Qrp}, (13)
M, = max{x; + -+ x| x" € Qr, N N}
thi Y = P4, Yy, ¥, dat dugc tai mot dinh cua Pr 4, Prp, Qr, va Y, = yYn. Theo [3, ménh dé
1.3.]ta c6 ¥, = Y.n + b, khi n du 16n. Theo cong thirc (12) ta c6 ap;(I") = M, + 7' — .
Do Qr, C Pr, nén M, < ¥, <1,. Piéu nay gitp ta khang dinh tinh tuyén tinh ctia ham
reg(I™).
Hai két qua dudi day cho ta thdy reg(I™) 1a mot ham tuyén tinh khi n du 16n va mot
chin trén chi sé ding reg — stab(I).
B6 dé 7. ([7, Pinh 1y 4.10]) Cho I 1a mét ideal don thirc khac khong cua R. Khi d6 ¢o sb
nguyén duong p va mot sb khong nguyén khong am 0 < e < dim(R / 1) sao cho reg (m =
pn + e v6in di 16n. Hon nita pn < reg(I™) < pn + dim(R/I) véi moin > 0.
B6 d& 8. ([3, Pinh 1y 3.13]) Cho I1a mét ideal don thic khac khong cua vanh R =
k[xy, ..., x,] 6 bac sinh cuc dai 1a d(I). Khi d6 ton tai s6 nguyén duong p < d(I) va mot sb
nguyén khong am 0 < e < dim(R/I) sao cho reg(I™) =pn+evéimoin > (r + D(r +

s’ 3 (10)
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